Abstract. This paper is concerned with the existence of almost periodic mild solutions to some second-order equations. Using dichotomy tools and the Schauder fixed point theorem, the existence of almost periodic mild solutions to those second-order evolution equations is established. To illustrate our abstract results, the existence of almost periodic solutions to a damped second-order boundary value problem is also discussed.
Introduction
Let H be a separable infinite dimensional complex Hilbert space. Our main objective in this paper is to study the existence of almost periodic solutions to the classes of nonautonomous second-order differential equations where A : D(A) ⊂ H → H is a self-adjoint linear operator on H whose spectrum consists of isolated eigenvalues 0 < λ 1 < λ 2 < ... < λ l → ∞ as l → ∞ with each eigenvalue having a finite multiplicity γ j equal to the multiplicity of the corresponding eigenspace, a, b : R → C are almost periodic and h : R × H → H, (t, u) → h(t, u) is almost periodic in t ∈ R uniformly in u ∈ H. For that, we study the existence of almost periodic solutions to the more general second-order differential equations
(t, u(t)) = w(t)Au(t) + f (t, u(t)), t ∈ R, (1.2)
where A : D(A) ⊂ H → H is the same as in Eq. (1.1), the function w : R → C given by w(t) = ρ(t)e iθ(t) for all t ∈ R is almost periodic and there exist the constants ρ 0 , ρ 1 > 0 and θ 0 ∈ (0, π 4 ) such that ρ 0 ≤ ρ(t) ≤ ρ 1 , and π + 2θ 0 < θ(t) < 2π − 2θ 0 for all t ∈ R, (1.3) and the functions f, g : R×H → H are almost periodic in the first variable uniformly in the second variable.
TOKA DIAGANA
Our strategy consists of rewriting Eq. (1.2) as a nonautonomous first-order differential equation on H × H and then applying the Schauder fixed point to it with the help of dichotomy tools. Indeed, assuming that u is twice differentiable and setting z := u, u + g (t, u) T , where T denotes the transpose, then Eq. (1.2) can be rewritten on X := H × H in the following form:
where A(t) is the family of 2×2-operator matrices defined by
where I H is the identity operator of H.
Notice that the term F appearing in Eq.
T , where X α is the real interpolation space of order (α, ∞) between X and D(A(t)) given by
Now, assuming that a : R → C is differentiable, one can easily see that Eq. (1.1) is a special case of Eq. (1.2). Indeed, Eq. (1.1) can be rewritten as
where w(t) = −b(t), g(t, u) = a(t)u, and f (t, u) = h(t, u) + ua (t) for all t ∈ R.
Let us mention that particular cases of Eq. (1.2) have been considered in the literature; see, e.g., [1, 2, 3, 11, 12, 13] . Recently, the existence of solutions to Eq. (1.2) when w(t) = 1 for all t ∈ R was studied and obtained in [8] . However, to the best of our knowledge, the original problem which consists of the existence of almost periodic mild solutions to both Eq. (1.2) and Eq. (1.1) remains an untreated question, which constitutes the main motivation of this paper. We essentially make extensive use of ideas of [4, 6, 7, 9] and dichotomy tools, as well as the Schauder fixed point theorem to obtain our existence results.
Preliminaries
Let (X, · ) be a Banach space. If L is a linear operator on the Banach space X, then D(L), ρ(L), and σ(L) stand respectively for the domain, resolvent, and spectrum of L. Moreover, one sets R(λ, L) := (λI − L) −1 for all λ ∈ ρ(A). Furthermore, we set Q = I − P for a projection P . We denote the Banach algebra of bounded linear operators on X by B(X).
Let B(R, X) stand for the Banach space of all bounded continuous functions ϕ : R → X when equipped with the sup norm ϕ ∞ := sup t∈R ϕ(t) for ϕ ∈ BC(R, X). Similarly, B(R, X α ) for α ∈ (0, 1) will stand for the Banach space of all bounded continuous functions ϕ : R → X α when equipped with the α-sup norm ϕ α,∞ := sup t∈R ϕ(t) α for ϕ ∈ BC(R, X α ). 
The number τ above is called an ε-translation number of f , and the collection of all such functions will be denoted AP (X).
Definition 2.2.
A continuous function F : R × X → X is called (Bohr) almost periodic in t ∈ R uniformly in x ∈ K where K ⊂ X is any compact subset if for each ε > 0 there exists l(ε) such that every interval of length l(ε) contains a number τ with the property that
The collection of those functions is denoted by AP (R, X).
The proof of our main result requires the following composition theorem.
Evolution families.
The setting of this subsection and that on estimates of U (t, s) are similar to that of Diagana [6] .
Definition 2.4 (Acquistapace-Terreni conditions [4]). A family of closed linear operators A(t) for t ∈ R on X with domain D(A(t))
(possibly not densely defined) satisfies the so-called Acquistapace-Terreni conditions. That is, there exist
Among other things, the Acquistapace-Terreni conditions ensure that there exists a unique evolution family
where I is the identity operator of X; (c) (t, s) → U (t, s) ∈ B(X) is continuous for t > s. In that case we say that A(·) generates the evolution family U (·, ·).
Definition 2.5 ([4]
). One says that an evolution family U has an exponential dichotomy (or is hyperbolic) if there are projections P (t) (t ∈ R) that are uniformly bounded and strongly continuous in t and constants δ > 0 and N ≥ 1 such that
Estimates for U (t, s).
Let A be a sectorial operator on X (for that, in Eq. (2.1), replace A(t) with A) and let α ∈ (0, 1). Define the real interpolation space
which, by the way, is a Banach space when endowed with the norm · A α . For convenience we further write
In particular, we have the following continuous embedding: 2) The evolution family U generated by A(·) has an exponential dichotomy with constants N, δ > 0 and dichotomy projections P (t) for t ∈ R. Moreover, 0 ∈ ρ(A(t)) for each t ∈ R and the following holds:
3) There exists 0 ≤ α < β < 1 such that X t α = X α and X t β = X β for all t ∈ R, with uniform equivalent norms.
We have the following fundamental estimates for the evolution family U (t, s).
Proposition 2.6 ([4]).
Suppose the evolution family U = U (t, s) has exponential dichotomy. For x ∈ X, 0 ≤ α ≤ 1 and t > s, the following hold:
(ii) There is a constant m(α) such that
Preliminary results
Consider the nonautonomous differential equation
where F : R × X α → X is jointly continuous. Definition 3.1. Under assumption (H.1), a function u : R → X α is said to be a mild solution to Eq. (3.1) provided that
It is not difficult to see that if the function F : R × X α → X is bounded, then
for all t ∈ R, is a mild solution to Eq. (3.1). Throughout the rest of the paper we fix α, β, real numbers satisfying 0 < α < β < 1 with 2β > α + 1.
To study the existence of almost periodic solutions to Eq. (3.1), in addition to the previous assumptions, we suppose that the injection X α → X is compact and that the following additional assumptions hold:
(H.5) (a) The function F : R × X α → X is almost periodic in the first variable and uniformly in the second one. The function u → F (t, u) is uniformly continuous on any bounded subset K of X α for each t ∈ R. Finally,
where M : R + → R + is a continuous, monotone increasing function satisfying
We denote by S = S 1 − S 2 the nonlinear integral operators S 1 and S 2 defined by
The proof of the main result of the present paper requires the next lemma.
Lemma 3.2 ([6, Diagana]). For each x ∈ X, suppose that assumptions (H.1)-(H.2)
hold and let α, β be real numbers such that 0 < α < β < 1 with 2β > α + 1. Then there are two constants r (α, β), d (β) > 0 such that The proof of the next lemma follows along the same lines as that of Lemma 3.4 and is hence omitted.
Lemma 3.5. The integral operator S
Similarly, the next lemma is a consequence of [7, Proposition 3.3] .
is compact, too.
Theorem 3.7. Suppose assumptions (H.1)-(H.5) hold. Then Eq. (3.1) has an almost periodic mild solution.
Proof. The proof follows along the same lines as that of [6, Theorem 3.8] . For the sake of clarity, we reproduce it here. Let us recall that in view of Lemma 3.4, we have
and 
(α, β, δ)M(R).
Therefore, there exists r > 0 such that for all R ≥ r, the following holds:
In view of the above, it follows that S : D → D is continuous and compact, where D is the ball in AP (X α ) of radius R with R ≥ r. Using the Schauder fixed point theorem it follows that S has a fixed point, which obviously is an almost periodic mild solution to Eq. (3.1).
Almost periodic solutions to Eq. (1.2)
Let H be an infinite dimensional separable complex Hilbert space equipped with the norm · . Let {e k j } be a (complete) orthonormal sequence of eigenvectors associated with the eigenvalues {λ j } j≥1 . Therefore, for each
where
In this section, we take X = H 2 = H × H equipped with its natural topology. To study the existence of almost periodic solutions to Eq. (1.2), in addition to the previous assumptions, we suppose that the injection H α → H is compact and that the following additional assumption holds: (H.6) The function f, g : R × H α → H is almost periodic in the first variable and uniformly in the second one. The functions u → f (t, u) and u → g(t, u) are uniformly continuous on any bounded subset K of H α for each t ∈ R. Finally, 
where I H is the identity operator of H,
Now, the characteristic equation for A n (t) is given by
from which we obtain its eigenvalues given by
and hence σ(A n (t)) = λ
Noticing that A(t) is invertible for all t ∈ R and using Eq. (1.3), it follows that there exists θ ∈ π 2 , π such that S θ ∪ {0} ⊂ ρ (A(t) ) .
On the other hand, since λ n 1 and λ n 2 are distinct, A n (t) is diagonalizable. Further, it is not difficult to see that A n (t) = K −1 n (t)J n (t)K n (t), where J n (t), K n (t) and K −1 n (t) are respectively given by
and
For λ ∈ S θ and z ∈ X, one has
It can be shown that
for all λ ∈ S θ and t ∈ R. Now, for every t ∈ R, the family of linear operators A(t) generate an analytic semigroup (e τ A(t) ) τ ≥0 on X given by
On the other hand, we have
Clearly, using Eq. (1.3) it follows that
Therefore, the evolution family (U (t, s)) t≥s is exponentially stable. Clearly, assumptions (H.2) and (H.3) hold. It remains to check assumption (H.4).
Now since t → w(t) and t → w(t)
−1 are almost periodic it follows that t → A(t)
is almost periodic with respect to operator topology. Using Theorem 3.7 it follows that Eq. (1.2) has at least one almost periodic mild solution.
Existence of almost periodic solutions to Eq. (1.1)
In order to study Eq. (1.1) we still suppose that the injection H α → H is compact and that the following additional assumptions hold:
is almost periodic and there exist ρ 0 , ρ 1 > 0 and θ 0 ∈ (0, π 4 ) such that
The function a : R → C is uniformly continuous, almost periodic, and differentiable. (h 4 ) h : R×H → H is almost periodic in the first variable uniformly in the second one. The function u → h(t, u) is uniformly continuous on any bounded subset K of H α for each t ∈ R. Finally, Proof. It suffices to let w(t) = −b(t), g(t, u) = a(t)u, and f (t, u) = h(t, u) + ua (t) for all t ∈ R in Eq. (1.2) and to make use of Theorem 4.1.
Example
Let Ω ⊂ R N (N ≥ 1) be an open bounded subset with C 2 boundary ∂Ω and let H = L 2 (Ω) be equipped with its natural topology. To illustrate our abstract results, we study the existence of almost periodic solutions to the following damped second-order boundary value problem: Consequently, taking into account the previous assumptions, it follows that the system Eq. (6.1)-Eq. (6.2) has at least one almost periodic mild solution.
